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Abstract. Calabi-Yau manifolds are geometric objects of central im- 
portance in several branches of mathematics, including differential ge- 
ometry, algebraic geometry and mathematical physics. In this article we 
give a brief introduction to the subject aimed at a general mathematical 
audience, and we present some of our results that shed some light on the 
possible ways in which families of Calabi-Yau manifolds can degenerate. 

While preparing this article we faced a difficult choice: should the article 
be addressed to a general science audience, or should it be written primarily 
for scholars in our field? We decided to strike a balance between these two 
approaches and write an article that can be read by any mathematician. We 
apologize to all the other potential readers for this choice. The interested 
reader can find a gentle introduction to this topic in the recent book of Yau 
and Nadis [27] as well as in their article |28| . 

1. Definitions of Calabi-Yau manifolds 

The main object of study in this article are Calabi-Yau manifolds. There 
are many possible definitions of these spaces, and we will start by reviewing 
a few of them. First of all recall that a complex manifold X is a smooth 
manifold of real dimension 2n with an atlas whose transition functions are 
holomorphic. In particular each tangent space of X is naturally identified 
with C n and multiplication by i induces a tensor J : TX — > TX with 
J 2 = —Id. A Riemannian metric g on X is called Hermitian if g(JY, JZ) = 
g(Y,Z) for all vectors Y, Z. In this case we define ui(Y,Z) = g(JY,Z), 
which is a skew-symmetric 2-form on I. If dco = we say that g is a 
Kahler metric, and we say that X is Kahler if it admits Kahler metrics. 
The cohomology class [u] lives in H 2 (X, R) n H^ 1 (X) =: H ljl (X, R), and is 
called a Kahler class. As we just explained, the tangent bundle of a complex 
manifold inherits a complex structure J, and so it has well-defined Chern 
classes Ci(X) € H 21, (X,Z), 1 ^ i ^ n. We can now give several equivalent 
definitions of Calabi-Yau manifolds: 

(1) (Complex Geometry) A Calabi-Yau manifold is a compact Kahler 
manifold X with first Chern class c\(X) equal to zero in the coho- 
mology group H 2 (X, R). 
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(2) (Algebraic Geometry) A Calabi-Yau manifold is a compact Kahler 
manifold X with torsion canonical bundle Kx = A ra T 1,0 A*, so that 
IKx — Ox for some integer 1^1. 

(3) (Einstein Equation) A Calabi-Yau manifold is a compact complex 
manifold A with a Kahler metric u with Ricci curvature identically- 
zero (Ricci-flat). 

(4) (Riemannian Geometry) A Calabi-Yau manifold is a compact Rie- 
mannian manifold (X, g) of real dimension 2n with restricted holo- 
nomy group contained in the special unitary group SU(n). 

We will explain why these definitions are equivalent after giving a few 
examples. 

2. Examples of Calabi-Yau manifolds 
The following are some simple examples of Calabi-Yau manifolds. 

Example 2.1. Let X = C n /A be the quotient of Euclidean space C n by a 
lattice A = Z 2ri . Then X is topologically a torus (S* 1 ) 2 ™ and it has trivial 
tangent bundle and therefore also trivial canonical bundle. All Calabi-Yau 
manifolds of complex dimension n = 1 are tori, and are also called elliptic 
curves. 

Example 2.2. A Calabi-Yau manifold with complex dimension n = 2 which 
is also simply connected is called a K3 surface. Every Calabi-Yau surface 
is either a torus, a K3 surface, or a finite unramified quotient of these. In 
general these quotients will have torsion but nontrivial canonical bundle, as 
is the case for example for Enriques surfaces which are Z/2 quotients of K3. 

Example 2.3. Let A be a smooth complex hypersurface of degree n + 2 
inside complex projective space CP n+1 . Then by the adjuction formula the 
canonical bundle of X is trivial, and so A is a Calabi-Yau manifold. When 
n = 1 we get an elliptic curve and when n = 2 a K3 surface. More gener- 
ally one can consider smooth complete intersections in product of projective 
spaces, with suitable degrees, and get more examples of Calabi-Yau mani- 
folds. 

Example 2.4. Let T = C 2 /A be a torus of complex dimension 2 and con- 
sider the reflection through the origin i : C 2 — s- C 2 . This descends to an 
involution of T with 16 fixed points, and we can take the quotient Y = T/i 
which is an algebraic variety with 16 singular rational double points (also 
known as orbifold points). We resolve these 16 points by blowing them all 
up and we get a map / : X — > Y where A is a smooth K3 surface, known 
as the Kummer surface of the torus T. 

Example 2.5. A Calabi-Yau manifold (A, g) of even complex dimension 
n with holonomy equal to the symplectic group Sp(§) C SU(n) is called 
hyperkdhler. We have that Sp(l) = SU(2) so the only hyperkahler manifolds 
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of complex dimension 2 are K3 surfaces. There are not many examples of 
higher-dimensional hyperkahler manifolds. The simplest one is obtained by 
taking a K3 surface Y and looking at X — >■ Y x Y the blow-up of the 
diagonal. Flipping the two factors of Y x Y induces a Z/2-action on X and 
the quotient space X is hyperkahler. 

Let us now discuss why the four different definitions of Calabi-Yau man- 
ifolds that we gave are equivalent. The fact that definitions (3) and (4) 
are equivalent is a simple exercise in Riemannian geometry, and to see that 
(2) implies (1) it suffices to take the first Chern class of the canonical bun- 
dle. The implication from (1) to (3) is the content of the celebrated Calabi 
Conjecture [I] 

Theorem 2.6 (Yau's solution of the Calabi Conjecture [221 123|). On any 

compact Kahler manifold X with c\(X) = in H 2 (X,~M>) there exist Kahler 
metrics with Ricci curvature identically zero. Moreover, there is a unique 
such Ricci- flat metric in each Kahler class of X. 

Finally, the fact that (3) implies (2) is a consequence of a decomposition 
theorem due to Yau (cfr. p,.4|): every compact Ricci-flat Kahler manifold of 
complex dimension n has a finite unramified cover X which splits isometri- 
cally as a product of a flat torus, of simply connected Calabi-Yau manifolds 
with holonomy equal to SU(n) and of simply connected hyperkahler mani- 
folds. In particular the canonical bundle of X is trivial, which implies that 
the canonical bundle of X is torsion. 

Let us now briefly discuss why Calabi-Yau manifold are important in 
several branches of mathematics. They are important in differential geom- 
etry because they give examples of Einstein metrics, which are Ricci-flat 
but not flat if X is not covered by a torus, and these metrics are almost 
never explicit. Furthermore, if the Kahler class is fixed, the Ricci-flat met- 
ric is uniquely determined by the complex structure. Using this fact, Tian 
|17j and Todorov [18J proved that the moduli space of polarized Calabi-Yau 
manifolds is smooth. 

They are important in algebraic geometry because of the position they 
occupy in the theory of classification of algebraic varieties. These are usu- 
ally divided into families according to their Kodaira dimension k(X) £ 
{— oo, 0, 1, . . . , ra } where n = dimc(X), and conjecturally every algebraic 
variety with k(X) = is birational to a Calabi-Yau variety (possibly sin- 
gular). There are many other basic questions about Calabi-Yau manifolds 
which are still open: does every simply connected Calabi-Yau manifold have 
a rational curve? Is the number of deformation classes of simply connected 
Calabi-Yau manifolds of a given dimension finite? 

Calabi-Yau threefolds with holonomy SU(3) are important in mathemat- 
ical physics because they can be used in string theory to construct super- 
symmetric theories which live (locally) on the product of four-dimensional 
spacetime with a Calabi-Yau threefold. This led to the discovery of the 
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mathematical phenomenon of mirror symmetry, which has generated a huge 
amount of research, see for example [16]. In the general framework of mir- 
ror symmetry one has a family of Calabi-Yau manifolds parametrized by a 
punctured disc A* in the complex plane, which degenerates when approach- 
ing the origin. The chief example of this is the family of Calabi-Yau quintic 
hypersurfaces Xt in CP 4 given by the equation in homogeneous coordinates 



As t approaches zero, Xt degenerates to a union of 5 hyperplanes. This 
is an example of a large complex structure limit. To such a family one 
then associates a "mirror family" of Calabi-Yau manifolds Xt with fixed 
complex structure and varying Kahler class, which approaches a large Kahler 
structure limit. Then for t close to zero, one can relate invariants of the 
complex structure of Xt to invariants of the symplectic structure of Xt ■ For 
an introduction to this circle of ideas see [8]. 

Finally let us note here that there are many possible generalizations of 
the concept of Calabi-Yau manifolds: noncompact ones, singular ones, non- 
Kahler ones, symplectic ones, and so on. We will not delve here into all these 
concepts and their precise definitions, but refer the reader to the survey 
article of Yau [26] instead. 



From the discussion in the previous section it is apparent that the study 
of degenerations of families of Calabi-Yau manifolds is an interesting topic 
with ramifications in several different branches of mathematics. In the rest 
of this article, we will study the behaviour of Ricci-flat Kahler metrics on a 
fixed Calabi-Yau manifold as their Kahler class degenerates. If the complex 
structure is allowed to vary, similar results were obtained by Ruan-Zhang 
|14j and Rong-Zhang [13] building upon our work. 

First of all let us identify the parameter space for Kahler classes on a 
compact Kahler manifold X . Recall that a Kahler class on X is a cohomol- 
ogy class a in H 1,1 (X,'R) which can be written as a = [u] for some Kahler 
metric u). The set of all Kahler classes is called the Kahler cone of X and is 
an open convex cone Kx C H 1,1 (X, M), which has the origin as its vertex. 

Question 3.1. What is the behaviour of these Ricci-flat Kahler metrics 
when the class a degenerates to the boundary of the Kahler cone? 

This question was posed by many people, including Yau [2U [25], Wilson 
|21j and McMullen [12]. To get a feeling for what the Kahler cone and its 
boundary represent geometrically, we start with the following observation. 
If V C X is a complex subvariety of complex dimension k > 0, then it is 
well known (from the work of Lelong) that V defines a homology class [V] in 
H2k{X,Z). Moreover if [w] is a Kahler class, the pairing ([V], equals 



Z\ + Z\ + Z\ + Z\ + Z\ 



5t Z0Z1Z2Z3Z4. 



3. Degenerations of Calabi-Yau manifolds 
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the volume of V with respect to the Kahler metric lv (Wirtinger's Theorem). 
It follows that if a class a is on the boundary of ICx and if V is any com- 
plex subvariety then the pairing ([V],a^ fc ) is nonnegative, and moreover a 
theorem of Demailly-Paun [6j shows that there must be subvarieties V with 
pairing zero. Therefore as we approach the class a from inside ICx, these 
subvarieties have volume that goes to zero, and the Ricci-flat metrics must 
degenerate (in some way) along these subvarieties. 

We now make Question 13.11 more precise. On a compact Calabi-Yau 
manifold X fix a nonzero class ao on the boundary of ICx and let {atjo^t^i 
be a smooth path of classes in H ' (X, M) originating at «o an d with at € ICx 
for t > 0. Call ut the unique Ricci-flat Kahler metric on X cohomologous 
to at for t > 0, which is produced by Theorem 12.61 

Question 3.2. What is the behaviour of the Ricci-flat metrics oot when t 
goes to zero? 

Of course we could also consider sequences of classes instead of a path, 
and all we are going to say works equally well in that case. Notice that we 
are not allowing the class at to go to infinity in H ' (X, R) as it approaches 
dKx- Because of this, we can prove the following basic fact, independently 
discovered by Zhang [14J: 

Theorem 3.3 (Tosatti [19], Zhang [H]). The diameter of the metrics ut 
has a uniform upper bound as t approaches zero, 



On the other hand it is easy to construct examples of Ricci-flat Kahler 
metrics with unbounded cohomology class that violate (|3.ip . by just rescal- 
ing a fixed metric by a large number. 

Going back to Question 13.21 the problem splits naturally into two cases 
which exhibit a rather different behaviour, according to whether the total 
integral J x a$ is strictly positive or zero. If f x Oq is positive this means 
that the volume 



remains bounded away from zero as t — > 0, and this is called the non- 
collapsing case. If J x ckq = then the volume Vol(X, ut) converges to zero, 
and this is called the collapsing case. 

The main Question 13.21 falls into the general problem of understanding 
limits of sequences of Einstein manifolds with an upper bound for the di- 
ameter (but no bound for the sectional curvature in general), a topic that 
has been extensively studied (see e.g. HJ [21 [5] ) . Our results are of a quite 
different nature from these works and give stronger conclusions. The first 
theorem gives a satisfactory answer in the noncollapsing case: 

Theorem 3.4 (Tosatti [H]). If f x a$ > then the Ricci-flat metrics ut 
converge smoothly away from an analytic subvariety S to an incomplete 
Ricci-flat metric on its complement. 



(3.1) 



diam(X, cj() ^ C. 
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In fact the subvariety 5 in this theorem is simply the union of all complex 
subvarieties where ao integrates to zero. Whenever ao is a rational class, 
the limit can also be understood using algebraic geometry: the subvariety 
S can be contracted to create a singular Calabi-Yau manifold, and the limit 
metric is the pullback of a Ricci-flat metric on the smooth part. 

In the collapsing case, when j x a$ = 0, things are more complicated. If X 
is projective and the class ao is rational, then the Log Abundance Conjecture 
in algebraic geometry implies that there is a fibration / : X — > Y where Y 
is an algebraic variety of strictly lower dimension m and ao is the pullback 
of an ample class on F. If we call S the critical locus of / inside X then 
S is a subvariety and / : X\S — > Y\f(S) is a smooth submersion with 
fibers Calabi-Yau manifolds X y = f~ 1 (y) of complex dimension n — m. The 
subvariety S is the union of all singular fibers of / together with all the fibers 
with dimensions strictly larger than n — m. We also take at = ao + 
where ujx is a fixed Kahler metric on X. We then have the following result, 
which says that the Ricci-flat metrics shrink the manifold to the base of the 
fibration: 

Theorem 3.5 (Tosatti [2Q])- Let f : X —> Y be such a holomorphic fibration 
and at = ao + t[wy]. Then there is a smooth Kahler metric oj on Y\f(S) 
such that when t approaches zero the Ricci-flat metrics ojt converge to f*u. 
The metric u has Ricci curvature equal to a Weil- Peter sson metric that 
measures the change of complex structures of the Calabi- Yau fibers X y . 

If we furthemore assume that X is projective and all the smooth fibers 
X y are tori, then we can prove a stronger result: 

Theorem 3.6 (Gross, Tosatti, Zhang [9j). In the same setting as Theorem 
\3.5l assume that X is projective and the smooth fibers X y are tori. Then 
the convergence of u)t to f*oj is smooth and the sectional curvature of ut re- 
mains locally bounded on X\S. Along each torus fiber X y the rescaled met- 
rics t ujt\x y converge smoothly to a flat metric. Finally, for any Gromov- 
Hausdorff limit space (X,d) of (X, oot) there is a local isometric embedding 
(Y\S,uj) (X,d) with dense image. 

Theorem 13.61 can also be applied to study the large complex structure 
limits of families of polarized hyperkahler manifolds in the large complex 
structure limit, see [9] for details. 

4. Examples of degenerations 

First of all notice that Question l3.2l is only interesting if dim H ' (X, M) > 
1, because otherwise fCx reduces to an open half-line and there is only one 
Ricci-flat Kahler metric on X up to global scaling by a constant, so the only 
possible degenerations are given by scaling this metric to zero or infinity. 
For this reason, Question 13.21 is essentially void on Calabi-Yau manifolds of 
dimension n = 1 (i.e. elliptic curves). 
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Example 4.1. Let X = C n /A be a complex torus. A Ricci-flat Kahler 
metric on X is the same as a flat Kahler metric, and each flat metric can 
be identified simply with a positive definite Hermitian n x n matrix. The 
boundary of the Kahler cone is then represented by non-negative definite 
Hermitian matrices H with nontrivial kernel E C C n (notice that in this 
case every class on dlCx has zero integral, so we are always in the collapsing 
case). 

If the class «o corresponds to such a matrix H with the kernel £ which 
is Q-defined modulo A, then we can quotient £ out and get a map / : X — > 

Y = C m /A' to a lower-dimensional torus (m < n) such that H = f*H' 
with H' a positive definite m x m Hermitian matrix. It follows that when 
t approaches zero, the (Ricci-)flat metrics ujt collapse to the flat metric on 

Y that corresponds to H'. This is a special case of Theorems 13.51 and 13.61 
with S empty and Weil-Petersson metric identically zero (since all the torus 
fibers are isomorphic). 

If on the other hand the kernel £ is not Q-defined, then £ defines a 
foliation on X (which is not a fibration anymore) and the limit H of the 
(Ricci-)flat metrics is a smooth nonnegative form which is transversal to the 
foliation (that means, positive in the complementary directions). This case 
gives an idea of what to expect in general in the collapsing case when there 
is no fibration. 

Example 4.2. Let / : X — > Y be the Kummer K3 surface of a torus T, 
where Y = T/i is the singular quotient of T and / is the blowup map. Take 
ao to be the pullback of an ample divisor on Y, and note that J x ag > 0. 
If we call S the union of the 16 exceptional divisors of /, that is the union 
of the 16 spheres S 2 which are the preimages of the singular points of Y, 
then S is a complex submanifold of X. Then Kobayashi-Todorov [TT] (using 
classical results on the moduli space of K3 surfaces, such as the Torelli 
theorem) proved that for any path at of Kahler classes that approach ao, 
the Ricci-flat metrics ut converge smoothly away from S to the pullback of 
the unique flat orbifold metric on Y cohomologous to the ample divisor we 
chose. Here an orbifold flat metric on Y simply means a flat metric on T 
which is invariant under i. This statement is a special case of our Theorem 
13.41 which in particular gives a new proof of the result of Kobayashi-Todorov. 

Example 4.3. Let I be a K3 surface which admits an elliptic fibration 
/ : X -»• CP 1 = Y. This means that / is a surjective holomorphic map 
with all the fibers smooth elliptic curves except a finite number of fibers S 
which are singular elliptic curves. Again we take ao to be the pullback of an 
ample divisor on Y and note that f x Oq = 0. We also take at = ao + t[u)x] 
for a Kahler metric ojx- Then Gross- Wilson [10] have shown that when t 
goes to zero the metrics u>t converge smoothly away from S to the pullback 
f*ui, where a; is a Kahler metric on Y = CP 1 minus the finitely many points 
f(S) with singular preimage. Moreover they showed that away from S the 
rescaled Ricci-flat metrics along the fibers t~ 1 cot\x y converge to flat metrics. 
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More recently Song-Tian |15| have noticed that the metric to on CP \f(S) 
has Ricci curvature equal to the pullback of the Weil-Petersson metric from 
the moduli space of elliptic curves via the map that to a point in C¥ 1 \f(S) 
associates the elliptic curve which lies above that point. This result is a 
special case of our Theorems 13.51 and 13.61 which also provide a new proof of 
the theorem of Gross- Wilson. 

5. Questions 

Let us now mention a few open problems related to the above results, 
which we find very interesting. 

Question 5.1. In the same setting as Theorem 13.51 prove that the rescaled 
Ricci-flat metrics along the fibers t~ 0Jt\x y converge smoothly to the unique 
Ricci-flat Kahler metric on X y cohomologous to 

As explained in [9] this would be implied by the following: 

Question 5.2. In the same setting as Theorem 13.51 prove that the conver- 
gence of uit to f*u is smooth away from S. 

Both Question 15.11 and 15.21 are solved in [9] when X is projective and the 
smooth fibers are tori. 

The natural remaining question is what happens to the Ricci-flat metrics 
ojt when cto is an irrational class with J x = 0, so that there is no fibration 
structure. We conjecture the following: 

Question 5.3. In this situation there is a subvariety S C X and a smooth 
nonnegative (1, l)-form coo on X\S, which satisfies ujq = 0, so that the 
Ricci-flat metrics ujt converge smoothly away from S to wo- 

In this case taking the kernel of ojq we would get a foliation on X\S 
with leaves holomorphic subvarieties, a so-called Monge-Ampere foliation. 
Of course Question 15.31 is correct in the case of tori, as in Example 14. 1[ 

Another problem that seems very interesting is whether the convergence in 
Theorem 13.51 holds in the Gromov-Hausdorff sense. More precisely, consider 
the metric space completion (Z, d) of (Y\f(S),u). 

Question 5.4. In the setting of Theorem 13.51 do the Ricci-flat manifolds 
(X, uit) converge to (Z,d) in the Gromov-Hausdorff sense? Is Z homeomor- 
phic to Y, the algebro-geometric limit? 

The Gromov-Hausdorff converge is proved for K3 surfaces in the noncol- 
lapsing case in [19] , and in the general setting of Theorem 13.41 it is a recent 
result of Rong-Zhang |13j . The homeomorphism question remains open even 
in this case. In the case of collapsing K3 surfaces, question [53] was answered 
positively by Gross- Wilson [10j . Finally, we pose the following: 

Question 5.5. Let X be a compact Calabi-Yau manifold and a a cohomol- 
ogy class on dfCx- Does there exist a smooth nonnegative form oj cohomol- 
ogous to al 
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If X is projective and a is rational then this can be proved using algebraic 
geometry if J x a n > 0, and it follows from the Log Abundance Conjecture 
if J x a n = 0, see p2]. 
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